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Abstract 

Let M be a flat manifold. We say that M has Roo property 
if the Reidemeister number R(f) = oo for every homeomorphism 
f:M—¥ M. In this paper, we investigate a relation between the 
holonomy representation p of a flat manifold M and the R^ prop- 
erty. In case when the holonomy group of M is solvable we show that, 
if p has a unique M-irreducible subrepresentation of odd degree, then 
M has Roe property. The result is related to conjecture 4.8 from [3J. 

1 Introduction 

Let M n be a closed Riemannian manifold of dimension n. We shall call M n 
flat if, at any point, the sectional curvature is equal to zero. Equivalently, 
M n is isometric to the orbit space M n /r, where T is a discrete, torsion-free 
and co-compact subgroup of 0(n) x R n = Isom(R n ). From the Bieberbach 
theorem (see [I], [9], [10]) T defines a short exact sequence of groups 

(1.1) o^z^tAg^o, 

where G is a finite group. F is called a Bieberbach group and G its holonomy 
group. 

Since T = 7ri(M n ), any continuous map / : M n — > M n induces a morphism 
/j : T — > T. We say that two elements a, (3 G T are /^-conjugated if there 
exists 7 6 T such that j3 = 7a/tt(7) _1 - The /^-conjugacy class {70/0 (7) _1 | 
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7 G T} of a is called a Reidemeister class of /. The number of Reidemeister 
classes is called the Reidemeister number R(f) of /. A manifold M n has the 
Roc property if R(f) = oo for every homeomorphism / : M n — > M n , see [3]. 
It is evident that we can also define the above number R(f) for a countable 
discrete group E and its automorphism /. We say that a group E has Roo 
property if R(f) = oo for any automorphism /. Moreover, the following 
groups (see [3] for the complete bibligraphy) have the R^ property: non- 
elemtary Gromov-hyperbolic groups, Baumslag-Solitar groups BS(m, n) = 
(a, b | ba m b~ l = a n ) except for BS(1, 1). 

In this paper we shall consider the case of Bieberbach groups. We can define 
a holonomy representation p : G — > GL(n, Z) by the formula: 

(1-2) \fgeG,p(g)(e l )=ge t (~g)-\ 

where G T are generators of the free abelian group Z™ for % = 1,2, ...,n, 
and g G T such that p(g) = g. In this article we describe relations between 
-Roo property on the flat manifold M n (Bieberbach group T) and a structure 
of its holonomy representation. The connections between geometric proper- 
ties of M n and algebraic properties of p was already considered in different 
cases. For example, Out(r) is finite if and only if a holonomy representa- 
tion is Q-mutiplicity free and any Q-irreducible components of a holonomy 
representaion is M- irreducible, see [Sj. A similar equivalence says that an 
Anosov diffeomorphism / : M n — > M n exists if and only if any Q-irreducible 
component of a holonomy representation that occurs with multiplicity one is 
reducible over M., see [5]. We want to define conditions of this kind for the 
holonomy representation of a flat manifold with R^ property. We already 
know that, in this way, the complete characteristic is not possible. There are 
examples [31 Th.5.9] of flat manifolds M\,M2 with the same holonomy rep- 
resentation such that Mi has R^ property and M 2 has not. In [3l Corollary 
4.4] it is proved that if there exists na Anosov diffeomorphism / : M n — > M n 
then R(f) is finite and M n does not have the R^ property. Moreover there 
exists M, such that its holonomy representation has Q-irreducible compo- 
nent which is irreducible over M. and occurs with multiplicity one, andt M 
does not have the R^ property, [3l Example 4.6]. Nevertheless in [21 Th. 
4.7] is proved: 

Theorem 1.1. (fQ Th. 4-V) Let M be a flat manifold with a holon- 
omy representation p: G — > GL(n, Z) and let p' : G — > GL(n',Z) be a Q- 
irreducible Q-subrepresentation of p such that p'(G) is not Q- conjugated to 
p{G) for any other Q-subrepresentation p of p. Suppose moreover that for 
every D' G A^GL(n',z)(p'(G ? )), there exists A G G such that p'(A)D' has eigen- 
value 1. Then M has the R^ property. 



Holonomy groups of flat manifolds with i?oo property 



3 



Remark 1.1. If we assume that 

(1-3) N GL(n , m (p'(G))/C GL{n , m (p'(G)) s Au*(G), 

then the above requirement that p'(G) is not Q-conjugated to p(G) is equiv- 
alent to the condition that p' C p has multiplicity one. For example, if we 
take the diagonal representation p : [TL2) 2n — > SL(2n + 1,Z) of the elemen- 
tary abelian 2-group, then the above equation (11. 3p is not satisfied for any 
Q-irreducible subrepresentation of p. 

We shall prove: 

Theorem 1.2. Let M be a flat manifold with a holonomy representation 
p: G — > GL(n, Z) and let G be a solvable group and p' : G — > GL(n',Z) be 
a Q-irreducible Q- subrepresentation of p of odd dimension. If p'{G) is not 
Q-conjugated to p(G), for any other Q- subrepresentation p of p then M has 
the Roc property. 

If we restrict our consideration to the class of finite groups which satisfy 
a condition ( II. 3p we have. 

Theorem 1.3. Let M be a flat manifold with a holonomy representation 
p: G — > GL(n, Z) and let G be a solvable group and p' : G — > GL(n', Z) be a 
Q-irreducible Q- subrepresentation of p of mulitiplicity one and odd dimension 
which satisfies a condition M.'J\) . then M has the R^ property. 

The above result is a corollary from [TJ Th. 5.4.4], the Theorem 1 1 . 1 1 and the 
following theorem: 

Theorem A Let G be a finite group with a non-trivial normal abelian sub- 
group A and let p: G — > GL(n,Z) be a faithful M.-irreducible representation. 
Suppose n is odd. Then for every D G A^GL(n,z)(p(C)), there exists g E G 
such that p{g)D has eigenvalue 1. 

Remark 1.2. A conjecture 4.8 in [3] says that the above theorem A is true 
for any finite group. We do not know whether it holds in general. 

We prove Theorem A in the next section. 

Acknowledge: We would like to thanks G. Hiss for helpful conversation 
and particulary for putting our attention on the Clifford's theorem. 
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2 Proof of Theorem A 

Theorem 2.1. Let G be a finite group and n be an odd integer. Let p: G — > 
GL(n, Z) be a faithful representation ofG, which is irreducible overM.. Then 
p is irreducible over C. 

Proof. Assume, that p is reducible over C and let r be any C-irreducible 
subrepresentation of p. By [HI Theorem 2], the representation p is uniquely 
determined by r and, if x is t ne character of r, then the character of p is 
given by 

X + X- 

Hence p is of even degree. This proves the theorem. □ 

For the rest of this section we assume, that p: G — > GL(n, Z) is an 
absolutely irreducible representation of G, where n is an odd integer. 

Proposition 2.2. If A is normal abelian subgroup ofG, then A is elementary 
abelian 1-group. 

Proof. Let r be a M-irreducible subrepresentation of p\A- By Clifford's the- 
orem ([21 Theorem 49.2]) all IR-subrepresentations of p\A are conjugates of 
i?-irreducible subrepresentation r, i.e. there exists g% — 1, <?2> • • • , 9i & G such 
that 

(2.1) p\ A = © . . . © T^, 

where 

Vi<i<iV seG r^\g) = r(gr 1 gg i ). 

Let a G A be an element of order greater than 2. Since p is faithful, there 
exists 1 < i < I, such that r^ 9i \a) is a real matrix of order at least 2. Hence 
deg(r^) = deg(r) = 2 and n = deg(p) = deg(p\A) = ^deg(r) = 21 is an 
even integer. This contradiction finishes the proof. □ 

Since A is an elementary abelian 2-group, the decomposition (12. ip may 
be realized over the rationals. By [21 Theorem 49.7] we may assume, that 

(2.2) p\ A = er (9l) ffi... ffier (9fc) , 

i.e. one- dimensional representations r^ 9l \ . . . , t^ 9 ^ occur with the same mul- 
tiplicity e = n/k. Let pi := er^ 9i \ for i = 1, . . . , k. By the suitable choice of 
basis of Q n we may assume, that for every a e A, p(a) is a diagonal matrix, 
such that 



(2.3) 



Vi<i< A; Img(p A: ) = (-1), 
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where I is the identity matrix of degree e. 
Since A < G and p is faithful, we have 

p(A) < p(G) C N GL{nM) (p(A)) = {me GL(n, Q) | m' 1 p(A)m = p(A)}. 
In the next two subsections we will focus on the above normalizer. 

2.1 Centralizer 

In the beginning we describe the centralizer 

CGL(n,Q)(p(A)) = {me GL(n,Q) \\/ a&A mp(o) = p(a)m}. 



Let m = (mij) £ GL(n, Q) be a block matrix, such that mp\A = P\awi- 
We get 



/ "ill • 


■ rn lk \ 






(Pi 




/ "ill • 


■ rn lk \ 


\m kl . 


■ m kk J 




Pk) 


v° 


Pfc/ 


\m kl . 


■ m kk J 



and thus 

^l<i,j<k m ijPj = PifTiij- 

Since for 2 7^ j, Pi and p.,- have no common subrepresentation, by Schur's 
Lemma (see [21 (27.3)]) = for i 7^ j and £ GL(n//c,Q), for i = 
1, . . . , k. We just have proved 



Lemma 2.3. Let p: G — )■ GL(n, Q) 6e a faithful, absolutely irreducible repre- 
sentation of finite group G of odd degree n. Let A be normal abelian subgroup 
of G, such that conditions (12. 2p and (12.31) hold. Then 

C G L(n,Q)(p( A )) = {diag(ci, . . . ,c fc ) \ a £ GL(n/A;,Q),i = l,...,k}, 

where k is equal to the number of pairwise nonisomorphic irreducible subrep- 
resentations of p\A- 

2.2 Normalizer 

Since the group A is finite, Aut(A) is a finite group. Moreover, we have 
a monomorphism 

N GHn>Q) (p(A))/C GHnm (p(A)) Aut(A). 

Hence any coset mC G x J ( nt Q)(p(A)),m £ iVGL(n,Q)(p(A)) corresponds to 
some automorphism of A. 
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Let (p G Aut(A) and m = (m.^) G GL(n, Q) be a block matrix, which 
represents this automorphism, with blocks of degree n/k, i.e. 

V C ec GL(n , 0) (p(A))V ae A(^c)p(a)(mc)~ 1 = mp^m" 1 = p(<p(a)). 

We have 

/ m-n • • • mifc\ ( P\ \ / pi<p \ / mn • • • fni k \ 



\m kl . . . m kk / \ p k ) \ p fe <p y ym fc i . . . m fcfc y 

Note, that 

(2.4) Vi<i< fc Img(pi) = Img(pi<p) = (-1). 

Since, for i ^ j, pi and pj does not have common subrepresentations, the 
same applies to pj<p and pj<p. Hence, using Shur's lemma again for every 
1 < i < k there exists exactly one 1 < j < k, such that 

I" ,, P, = P,r m ,, 

and rriji ^ 0. Moreover, det(m) ^ and also det(mjj) ^ 0. By (12. 4p pi = pjip 
and there exists a permutation a G S k , s.t. 

(2.5) mdiag(pi, . . . , p k )m~ l = diag(p <j( i ) , . . .,p a (k))- 

Let r G Sfc be any permutation and let P T G GL(n, Q) be a block matrix, 
with blocks of degree n/k, such that 

I if r{i) = j, 
otherwise, 

where 1 < i, j < k. By (12. 5 p we may take 

m = P a 

as a representative of a coset in N GL ( n ^(p(A) / ^GL(n,Q)(p(^)) , which realizes 
the automorphism <p. 
Let 

S:={rES k \P T EN GL(nm (p(A))}. 
Then S" is a subgroup of and 

P:={P T \re S} 

is a subgroup of the normalizer. By the above and the Lemma 12. 3\ we get 

Proposition 2.4. The normalizer iVGL(n,Q)(p(^4)) o semidirect product of 
CGL(n,Q)(p( A )) and P. Moreover 

N GHnM) (p(A)) = C GUnM (p(A)) ■ P = C GHnM) (p(A)) x S = GL(n/k, Q) I S, 
where GL(n/k,Q) I S denotes the wreath product of GL(ra/fc, Q) and S. 



(2-6) (P T ) id 
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2.3 Properties of a group G 

Let 

C:=p- 1 (p(G)nC GL{nm (p^))) 

and 

Q:=p- 1 (p(G)nP). 

Then 

(2.7) G = C-Q = CxQ 

is a semidirect product of C and Q. Without lose of generality, we can assume, 
that Q C Sfc. 

The representations p^, 2 = 1, . . . , k are defined on the group A. Lemma 
12.31 gives us a possibility to extend domain of these representations to C . Let 
Vi be subspaces of Q n corresponding to representations pi, i — 1, . . . , k. In 
fact, since p\c is in block diagonal form, we have 

Vi<i< fe Vt = e © . . . © ©Q" /fe © © . . . © C Q n , 

where is considered as a zero-dimensional subspace (zero vector) of Q n / k . 
Moreover, every element of the group p(Q) = P permutes elements of the set 

{V 1 ,...,V k }. 

We want to prove that this action is transitive. 

Lemma 2.5. Q C Sk is a transitive permutation group. 

Proof. If we assume that Q is not transitive, then 

3i<j<fcVVj VVgq r(i) ^ j. 

Let 

k 

V, = Q)V 

i=i 

and cr, where c G C, r G Q, be any element of G. Then 

/ , \ 



p{cr){V 3 )=p{c)p{r){V 3 )=p{c) 



h 

k« 



p(c)(V j ) = V J . 



Thus Vj C Q n is an invariant subspace of p and hence p is reducible (over 
. This contradiction proves the lemma. □ 
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The following lemma helps us to understand the structure of the group 

G. 

Lemma 2.6. Representations p\, . . . , pk '■ C — > GL(n, Q) are absolutely irre- 
ducible. 

Proof. Let (f>: C — > GL(d, C) be a C-irreducible subrepresentation of p\n. By 
Clifford's theorem, for the group C < G the representation p\ c is a sum of 
conjugates of 0, i.e. 

m 
s=l 

where g s E G,s = l,...,m and g\ = 1. For every 1 < s < m, cf)^ 9 ^ is 
a complex subrepresentation of some pi, i — 1, . . . , k. Counting dimensions, 
we can see, that for every 1 < i < k 

m/k 

Pi — Pi,ji 
3=1 

where 

Vi<j< m /fc Pi,j e {4> {9s) 1 1 < s < m}. 

Let Vij C Vi be an invariant space under the action of pij, for 1 < i < 
k, 1 < j < m/k. Taking a suitable basis for Vi, 1 < i < k, we can assume, 
that the decopmosition 

m/fc 
Pi = P« J 

is given in a block diagonal form: 

Vi<j< m /k Vi,j = e® . . .®e ®c n/m © e © ... © e c v i} 

3-1 

where G is a zero- dimensional subspace (zero vector) of C n/m . Note that the 
images of Piu,i = 1 . . . , k, remain the same in this new basis. Hence the 
description of the representatives of the normalizer given in the subsection 
12.21 remains the same for the group GL(n, C) and we can assume, that p(Q) = 
P. 

If the representations pi, i — 1, . . . , k, are C-reducible, then m > k. Let 

k 

1=1 



Holonomy groups of flat manifolds with i?oo property 



9 



and cr, c G C,r G Q, be any element of G. We get 

p(cr)(W) = p(c)p(r)(W) = p(c) f 0^(.vl = ?( C )W = W 

Hence C C n is an invariant subspace of p and thus p cannot be absolutely 
irreducible. Contradition. □ 

2.4 Abelian normal subgroups 

Without lose of generality, we can assume, that A is maximal abelian sub- 
group of G, i.e. if A' < G is abelian and A C A', then A = A'. We will show, 
that A is unique in G and hence - characteristic. 

Lemma 2.7. A is unique in C . 

Proof. Let A' < G be an abelian group, such that A' C C. Since all elements 
of A commute with all elements of C, they commute with all elements of A'. 
Hence AA' is normal abelian subgroup of G. Since A is maximal, we have 

AA' = A =► A' C A. 

□ 

If we can prove, that icC, then A is going to be unique in G. Recall, 
that by (12. 7p we have a short exact sequence 

1— ^C— ►G-^-Q— M. 
Assuming A (jL C, we get 

We prove that it is impossible. 

Lemma 2.8. Let Q C S k be a transitive permutation group and k G N be an 
odd natural number. Then Q does not contain nontrivial normal elementary 
abelian 2-groups. 

Proof. Let us denote by N(r), r G Sk, a set 

N(t) := {1 <i < k\r(i) ^ i}. 

Assume, that H < Q is a normal nontrivial elementary abelian 2-group. Let 
t be any element of Q. Without lose of generality we may assume 1 G N(r). 
Since Q is transitive, we have 

Vi<i<fc3 CT4e QCTi(l) = i. 
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Moreover 

Vx^fcJVi := N(a t ra^) = a t (N(r)) 

and hence 

k 
i=l 

Let X be any element of the set 

{/Cc{l,...,fc} 

with a minimum number of elements. Since r and all of its conjugates has 
order 2, X has at least two elements. Let s EX. Since H is normal in Q, we 
have 

VieiCTjTcr" 1 G if. 
By the minimality of X, the set 

iV (s) := [J Ni 
iei\{s} 

contains even number of elements. Moreover, the same applies to the set 
N s = N(a s ra^ 1 ). Hence, the intersection 

iV« n N s 

has an odd number of elements. Recall, that a^a^ 1 , for i E X, as elements 
of order 2, are products of disjoint transpositions. By the above, there exist 
t E X \ {s} and a,b,c E {1, . . . , A;} such that 

a E N t \ N s , b E N t (~) N s , c E N s \ N t 

and (a, 6) and (b, c) are transpositions in otro^ 1 and o s to~ x , respectively. 
But then 

<7 t T(7 t _1 ■ o-^ro-^ 1 

is an element of order greater than 2 in the elementary abelian 2-group H. 
Contradiction. □ 

We have just proved. 

Proposition 2.9. The maximal, normal elementary abelian subgroup A<G 
is unique maximal in G and hence it is a characteristic subgroup. 

Corollary 2.10. 

N GU nM)(p(G)) C N GUnM) {p{A)). 



ieic 



is odd 
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2.5 The proof 

Let us first restate the theorem. 

Theorem A Let G be a finite group with a non-trivial normal abelian sub- 
group A and let p: G — > GL(n, Z) be a faithful M>-irreducible representation. 
Suppose n is odd. Then for every D G N GL ( n ^(p(G)), there exists g G G 
such that p{g)D has eigenvalue 1. 

Proof. Note first, that eigenvalues of matrices and their products does not 
depend on their conjugacy class. Hence, we can change the basis of p, with 
conjugating the group A^ GL ( n)Z )(p(G)) by appropriate invertible rational ma- 
trix simultaneously, and prove the theorem with these new forms of p and 
N = A^ GL ( n Z )(p(G)). Note that, by M-irreducibility of p, N is a finite group 
(see pages 587-588]). 

From above, we can assume, that p{A) is a group of diagonal matrices. 
Using Corrolary 12.101 Proposition 12.41 and a fact, that 

N C N Gh(nM) ( P (G)), 

we get 

N C C Gh[n>Q) {p{A)) ■ P. 

Recall, that 

k 

C , GL M )WA)) = 0GL(n/fc,Q) 

i=i 

and elements of P are "block permutation matrices" (see Lemma 12.31 and 
(12.61) respectively). 

Let D G N, then D has the form 

D = P CT diag(ci, . . . ,c fc ), 

where o G Sk and Cj G GL(n/k, Q), for i — 1, . . . , k. Recall, that G = CQ, 
where Q C Sk is a transitive permutation group (see Lemma 12.51) . Hence 
there exists r G Q, such that 

r(l) = a- 1 (l). 

We get 

P r P CT diag(ci, . . . , c fc ) = P CTT diag(ci, . . . , c k ) = diag(ci, X), 

where X is a matrix of rows of diag(c2, . . . , cjt) permuted by err. Since ci G 
GL(n//c,Q) has an odd degree, it must have real eigenvalue and since N is 
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of a finite order, this eigenvalue is ±1. If the eigenvalue is 1, then we take 
g = t and the theorem is proved. Otherwise, by the Clifford's theorem and 
the faithfulness of p, we can take such a G A, that pi(a) = —I. Then p\{a)c\ 
has an eigenvalue 1 and hence, taking g = ar, the element 

p(g) D = p(ar)D = p(a)p(r)D = p(a)P T P a dmg(c 1 , ...,c k ) = 
= (pi © ■ ■ ■ © p k ) (a) ■ diag( Cl , X) = 
= diag(pi(a)ci, (p 2 © . . . © p k )(a)X) 

has an eigenvalue equal to 1 also. This finishes the proof. □ 

References 

[1] L. S. Charlap, Bieberbach Groups and Flat Manifolds, Universitext, 
Springer- Verlag, New York, 1986 

[2] Ch.W. Curtis, I. Reiner, Representation theory of finite groups and as- 
sociative algebras, Pure and Applied Mathematics, Vol. XI Interscience 
Publishers, a division of John Wiley & Sons, New York-London 1962 

[3] K. Dekimpe, B. De Rock, P. Penninckx, The Roo property for infra- 
nilmanifolds, Topol. Methods Nonlinear Anal. 34 (2009), no. 2, 353 - 
373 

[4] A. Fel'shtyn, New direction in Niels en- Riedemeister theory, Topology 
and its Appl. 157 (2010), 1724-1735 

[5] H. L. Porteous, Anosov diffeomrphisms of fiat manifolds, Topology, 11 
(1972), 307 - 315 

[6] I. Reiner, The Schur index in the theory of group representations, Michi- 
gan Math. J. Volume 8, Issue 1 (1961), 39-47 

[7] D. J. S. Robinson, A Course the Theory of Groups, Springer - Verlag, 
New York 1982 

[8] A. Szczepanski, Outer automorphism groups of Bieberbach groups, Bull. 
Belgium Math. Soc. (simon Stevin) 3 (1996), 585 - 593 

[9] A. Szczepanski, Geometry of the crystallographic groups, book in prepa- 
ration available on web http://www.mat.ug.edu.pl/aszczepa 

[10] J. Wolf, Spaces of constant curvature, MacGraw Hill, New York-London- 
Sydney, 1967 



Holonomy groups of flat manifolds with i?^ property 

Institute of Mathematics 
University of Gdansk 
ul. Wita Stwosza 57 
80-952 Gdansk 
Poland 

E-mail: rlutowsk@mat.ug.edu.pl, matas@univ.gda. 



